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A binary linear recursion

8 =a,ta_gta_; ta_,; mod2

* Needinitial values a,,..., a,, (input)

+ Period length : 1057

—— 1056

* Weight of aperiod: Za.



Weights of periods
for 100 random Iinputs

540 540 520 544 540 484 540 544 532 484
544 504 504 532 540 532 532 504 540 484
944 484 540 540 520 544 540 504 520 540
504 544 532 520 544 544 544 540 532 532
540 540 484 520 540 504 540 540 532 544
504 540 540 532 504 520 544 540 540 540
540 504 544 520 540 544 540 540 532 520
484 520 544 532 504 532 504 532 520 540
540 544 532 504 544 544 544 532 504 532
540 520 544 540 540 540 520 532 532 520

Occurring weights : 484, 504, 520, 532, 540, 544



Gauss Sums

e GF(2“): finite field of order 2
e ¥:GF(2*)" - C multiplicative character
e Tr:GF(2*) - {01 absolute trace

— G = 3 ()" x(%

xOGF(2%)



A Gauss sum over GF(2")

o { =exp(21if3l)
e g: primitive element of GF(2")
e ¥: GF2”) -~ C, x(g9)=¢

Valueof G(y):

2407 456C%° 424¢%* 24 456¢* 456¢H —16¢"

+24¢ —16¢C"™ 247 —16¢C 424¢M 456¢ 0 24
F56 ¢ —16¢10 —16¢Y  —16¢%  424(¢7 —24¢° —16¢°
—-16¢t —24¢* —16¢*  —-16¢ 496



-G(x)/2

"Normalized" valueof -G(x)/2:

532¢% +532¢% +520¢% 4532¢%F 4504¢*° +520¢F

+544 ¢ +532¢%°  4+504¢* 4504 % 4+540¢* 4+520¢

+540¢" 45447 4540¢"° +532¢° 4520 +504¢"

+544 ¢ 4+504¢ 4+540¢" 4540¢Y  4+540¢%  4520(7

+544 % 45400 45400 4544 45402 4540¢
+484

Recall . weights from in binary recursion are

484, 504, 520, 532, 540, 544



Anirreducibl ecyclic code

« 9: primitive1057th root of unity in GF(2")

e Tr: absolute trace GF(2®) - GF(2)

e ¢(X) = (Tr(x), Tr(X0),..., Tr(x6"%))

e C={c(xX):xOGF(2")}: cyclic(1057,15) code

Welghts?



Code - recursion

e ¢(X) = (Tr(x), Tr(XO),..., Tr(x6*))
» Entries: ¢,=Tr(x8')
« Minimum polynomial over GF(2) : m, =x® +x*+x" +x* +1
Ciugs + Ciaga + Gy + Gy +C
. =TH(XO'®) + TH(X6' ™) + Tr(x6*7) + Tr(x6™*) + Tr(x6)
=Tr(x(0"™ +6"™ +8"" +6'"* +0"))
=0



Welghts

Ci+15 +C+14 +C|+7 +C|+4 +Ci: ob C| = C|—1 +C|—8 +C|—11 +C—15

e Codewords are exactly the solutions of binary recursion

o 484, 504, 520, 532, 540, 544 arethe nonzero weights of code

—— * Needtounderstand : Gauss sum — weights of code



Gausssum — welghts

. 2 —1=311057
+ g primitive element of GF(2%), 6 = g*

e x¥(g)=exp(2ri/31) =

30 1056

GN= 3 Dx= D > ()" x(g'6") =

xOGF(2P)

1056

ZX(Q )Z( —1)"(@') = ZZ (1057 — 2[veight (c(g))



Weal numbers

{ =exp(2r1/e), npodstive integer

X 0Z[Z] is n-Weil numberif X X =n
o Gausssumsover GH(q) areq- Well numbers

abelian difference sets — Well numbers

Baumert'ssieve: difference sets and weight distributi ons of
codes can be" constructed” from Weil numbers

Problem:
Well number scan only becomputedin'easy" cases



"Easy" Well numbers and ideals

 =exp(2rile), XOZ[Z], XX =n

» Gausssumsover GF(q) can be computed for g <10”
e Ided equationin Z[{]: 11 =nZ[{]

e All n-Wal numbers can befound if

—there are only few solutions of the ideal equation
— the solutions which are principal ideals can be filtered out
— generators for the principal solutions can be found

—usually means nZ[{] divisible by lessthan 10 primeideals



Some hope : Well numbers arerare

+ Ri= Z[{,]

ex1

* n: fixed postive integer

Conjectur e(Kedlaya 2001)

Up to multiplication with roots of unity thereareonly finitely
many n-Well numbersin R

« provedfor  Z[{,] instead of R

eprime



Well numbers and lattices

 =exp(2rile), X OZ[{], XX =n
o |deal XZ[{]isfreeZ-submodule of Z[{] of rank ¢(e)
e B: Z-bassof XZ[{]
* L: B~ R, (b,b) Tr(bb,)
« extend L to bilinear form onvector space XZ[{]UR

XZ[¢(]UR and L form alattice



Well numbers and lattices

XOZ[Z.], XX=n, aXOXZ[Z.] arbitrary

Tr(aXaX)= nTr(aa) = n%(aa)“: n%kx“ §
side condition : []a° [ =[] (aa)’ =N(a)? =1
Tr(aXaX) = n|G|, equaity = a ==,

X shortest v ector in lattice XZ[{ ]
(H.W. Lenstra, P. van Wamel en)



Computing Well numbers via shortest v ectors

Shortest vectors in lattices can be enumerated by
Fincke- Pohst algorithmQObstacles:

Find generators of XZ[{ ] without knowing X
Must work in subfield of Q({,)

Find integral basis for subfield
Find generators for XZ[{.] in subfield

Find Z-basisof XZ[.]in subfield

© o > w D F

Fincke - Pohst exponential time in dimension of lattice



Computation of a Gauss sum

x :GF(2*")" = C character of order 727

G = 3 ()" x(x)

xOGF(2'#)
2 02.700%* - naively summing upimpossible

We try the shortest v ector approach



Problem 1.:
Find generators of XZ[{,] without knowing X

+ HeeX=G()= Y (-3 x(

XOGF(2'21)

o Stickelberger: G(x)Z[{.] = |3162P266I3358P459|3555|3663
+ Kummer: B, =(2,f({))

L) =
gi.;;lj_'_(ﬁ-liﬂ_killﬂ_kglJ.-i_|_';-‘1-113_|_{:112_|_{:1.1.1_|_';-‘J-lEID_|_|.l-‘J-1D'T_|_{:LGG_F{:LDS_H‘:QD_F{:QT_'_{:DE_|_
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Problem 2:
Must work in subfield of Q({,)

* Here[Q({,): Q] =¢(727) =726
» Too largefor Fincke - Pohst

e Property of Gausssums:
G(X)? =G(x), 0,:{+y (5727)2

« Canwork in Fix(o,)

» [Fix(0,):Ql=¢(727)/0rd,, (2) =6



Problem 3:
Find integral basis for subfield

Algorithms for general number fields inappropri ate
Use integral bases constructed by Breuer/Zumbroich (1995)
Basis elements expressed as polynomia sin ¢,

|deally suited for computations

For e prime, Gaussian periods can be used

ord.(2)-1

;= Z 7S, (zlez) =<a>

J:



Problem 3:
Find integral basis for subfield, casee= 727
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432+Q430+Q426+ 4L3+ 4OS+QSQB+ 3QG+ 384_‘_(\3”_‘_ SGQ+ 363+Q303+ Sﬂ_‘_
3)2+g34r+g33r+ 328+Q3 3+QSL8+ 310+ 313+Q303+ 302+ "834‘@2 G+ -27 4+
2r3+g366+g260+l’2u3+g_30+g243+5243+ 333+Q2LG+52LU+ ’]3+QLQQ+ 1Q8+
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Problem 4:
Find generators for XZ[{ ] in subfield

InZ[Z]: P =(2f(()) (Kummer)

Cannot use Kummer for subfield, no integral power basis!

Luckily : P =(2,N(f,({))) (norm relative to subfield)

But : coefficient explosion



Problem 4:

Casee =727, second generator for P,
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Problem 4:
Find generators for XZ[{,.] insubfield

o Total number of digits still <10’ in reasonable cases

o Subsequent computations do not dramatical ly increase
number of digits

Kummer + norm solves the problem



Problem 5:
Find Z-basisof XZ[{,.]insubfield

G(X)ZI{]=P"R, R P 7R7R™

R =(2,N(f;({))

Integral basis B for subfield from Breuer/Zumbroich
{26: 08B} O {N(f.({))p:B0UB} Z-generators for P

Write coordinateswith respect to B into d x 2d matrix
(d = absolute degree of subfield)

Compute Hermite Normal Form — only d Z - generators for P

Repeat similar process — Z - generators for G(x)Z[{.]



Problem 6:
Fincke - Pohst exponential timein dimension of lattice

e Fncke-Pohst isbased on LLL

o LLL aready finds ashortest vector for AL L examplestested

e Replace Fincke-Pohst by LLL



MypMliireativil tu vvcliylit
distribution
of binary irreducible cyclic

codes

Definition of binary irreducibl e code of length nand dimension k :

e O: primitive nth root of unity in GF(2“)

c(X) = (Tr(X), Tr(x6),..., Tr(x8"™ ™))

C ={c(x): xOGF(2")}, |C|=2*

c(X) - c(x0) - --- — c(x0" ™), #cycles:N =(2“-1)/n

"(k, N) irreducibl e code"



Associated Gauss sums

e Recal 2“-1=nN

e x: character of GF(2*)" of order e| N
e g: primitive element of GF(2*)
N-1n-1

= T ™A= 5 (DT x(@'6)

xOGF(2X)

Zx(g j )Z (_1)Tr(gjei) — I\ZZ j (n—20veight (c(g j )



McEliece, Rumsey (19/70)

 Consider (k,N) irreduciblecode, 2“-1=nN

« Smallest possible k: k, =ord(2)

o Result : Weight distributi on for any (k, N) code efficientl y can
be computed from that of the (k,, N) code

o Proof usesDavenport/Hasse for Gauss sums



Baumert, McEliece (1972)

Result : Table of weight distributi ons of (k,, N) codesfor N <100

Methods :

Direct computation of Gausssumsfor small k,

Values of Gausssumsare known in semiprimitive case

Computation of Gauss sumsin quadratic subfields

Baumert's seve



MacWilliams, Seery (1981)

Result : Table of weight distributi ons of (k, N) codesfor k < 28

Methods :

e Binary linear recursion

« CRAY -1



Segal, Ward (1986, 1993)

Result : Weight distributi ons of (k,, N) codesfor N <500

Methods :

Stickelber ger

Random search for principal idealsin fields of small degree

Use of fundamental units to resolve unit ambiguity

Baumert's seve



Nguyen, S. (2006)

Result : Weight distributi ons of (k, N) codesfor N <5000 and k <42

Methods :
Kummer + Stickelber ger + Norm - ideal generators in subfield

Breuer/Zumbroich + Hermite Normal Form + Linear Systems
— Z -basis over subfield

Algebraic numbers asfloating point complex numbers
- efficient computation of Gram matrix of lattice

LLL — Gausssumsup to root of unity

Baumeart's seve

Implementation of binary recursion at bit level



