
Wrights’ Axioms of Queuing Theory

1. If you have a choice between waiting here and
waiting there, wait there.

2. All things being equal, it is better to wait at the
front of the line.

3. There is no point in waiting at the end of the line.
But note Wrights’ Paradox:

4. If you don’t wait at the end of the line, you’ll never
get to the front.

5. Whichever line you are in, the others always move
faster.
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Current Projects

1. Surgical Wait List Modelling
2. Acute Health Care System
3. Home and Community Health Care System
4. Criminal Justice System
5. Epidemiology of HIV
6. Determinants of Obesity
7. Computational Criminology
8. Risk Analysis for Fires
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Modelling Access to Acute Care

How do we measure access to acute care?
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Measuring Access to Acute Care

Target Occupancy Ratio (TOR)
The average proportion of inpatient beds in the
hospital that are occupied.

Target Access Ratio (TAR)
The fraction of time that the hospital has enough
inpatient beds for all admitted patients.

Target Time to Access (TTA)
The expected wait time for a percentile of patients
to receive an inpatient bed. For example, 80% of
admitted patients receive an inpatient bed within 6
hours.
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How are the Access Metrics Related?

TTA

TOR TAR

beds?
length of stay?
arrival pattern?
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Queueing Theory

Agner Krarup Erlang

Jan. 1, 1878 Born at Lønber in Jutland, Denmark

1892 Passed the Preliminary Examinations to
the University of Copenhagen at 14 years
old.

1896 Passed Entrance Exams to the University
of Copenhagen

1891 Graduated with an MA in Mathematics

1908 Joined the Danish Telephone Company

1909 Publish The Theory of Probabilities and Telephone Conversations

1917 Published Solutions of Some Problems in the Theory of Prob-
abilities of Significance in Automatic Telephone Exchanges

Feb. 3, 1929 Died following an abdominal operation.
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The Theory of Probabilities and
Telephone Conversations
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The Standard Model for a Hospital

M/M/b Queue

Emergency

b beds
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Chapman-Kolmogorov Equations

Let λ by the arrival rate and µ−1 the average length of stay. Then, pn(t), the
probability that there are n patients in the system at time t satisfies

0 =

dp0

dt
= −λp0 + µ p1

0 =

dpn

dt
= −(λ + nµ)pn + (n + 1)µpn+1 + λpn−1 , for 1 ≤ n ≤ b − 1

0 =

dpn

dt
= −(λ + bµ)pn + bµpn+1 + λpn−1 , for b ≥ b

Therefore, if λ < bµ

pn =

8

<

:

a
n

n!
p0 , for 1 ≤ n ≤ b − 1

a
n

b! bn−b
p0 , for n ≥ b

where

p0 =
(b − 1)!(b − a)

ea(b − a)Γ(b, a) + ab
and a =

λ

µ

Queueing Theory Analysis of the Provincial Acute Healthcare System – p.11/23



Chapman-Kolmogorov Equations

At stochastic equilibrium,

0 =
dp0

dt
= −λp0 + µ p1
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TOR and TAR for an M/M/b Queue

TAR = 1 −

ρ

eaa−b(b − a)Γ(b, a) + 1

TOR =
ρ

(eaa−b(b − a)Γ(b, a) + 1)b(1 − ρ)

= ρ +
1 − TAR
b(1 − ρ)

where ρ = λ
bµ

.
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Wait Time Distribution for M/M/b

The probability of waiting time less than or
equal to t is

W (t) = 1 −

abe−µ(b−a)t

ea(b − a)Γ(b, a) + ab

The TTA for 6 hours is W(6).

Queueing Theory Analysis of the Provincial Acute Healthcare System – p.13/23



An Example Hospital

• Patients are admitted at a rate of 1.50 patients per hour.

• The average length of stay is 254.7 hours (10.6 days).

• Number of beds required for stochastic equilibrium is 381.2.
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The Soft Queue Model

M/M/∞ Queue with Beds

Emergency

Patients in queue receive treatment.

b beds
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TOR and TAR for the Soft Queue

Stochastic equilibrium exists for all λ > 0 and µ > 0.

pn =
e−aan

n!

TAR =
bΓ(b, a) + e−aab

b!

TOR =
a

b
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Wait Time Distribution

W (t) = 1 − e−µt

(

1 −

Γ(b, a)

(b − 1)!

) [

1 −

Γ(b, ae−µt) − Γ(b, a)

(b − 1)!

]
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The Example Hospital
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Multistream Soft Queue

Nonstationary Arrival and LOS Distributions

Emergency

b beds

Other
Hospitals Home

Blocking of
Emergency

Queueing Theory Analysis of the Provincial Acute Healthcare System – p.19/23



The Example Hospital

Stream E for fiscal 2005/06

00-04 04-08 08-12 12-16 16-20 20-24 Total Rate

Monday 126 125 122 237 345 384 1339 0.017545

Tuesday 190 135 115 256 321 361 1378 0.018403

Wednesday 183 123 121 235 340 357 1359 0.018149

Thursday 187 139 114 227 362 365 1394 0.018616

Friday 137 149 115 228 341 362 1332 0.017788

Saturday 151 122 123 216 270 298 1180 0.015758

Sunday 159 133 103 208 277 285 1165 0.015558

Total 1133 926 813 1607 2256 2412 9147

Rate 0.012934 0.010571 0.009281 0.018345 0.02575 0.027534 0.017403

Average LOS for stream E: 16588 minutes (11.5 days).
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TOR, TAR, and TTA by Simulation
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Next Steps

• Segmentation

• Connect hospitals together

• Demographic factors
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The Moral of the Story

Mathematical modelling has a role to play as a
lingua franca between different interests in
developing healthcare policy.
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