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What is stericstabilisation?

Entropic repulsionbetweenthe colloidalparticles.
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What is sensitised°occulation?

Polymeradsorbs and pulls the particles together.



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Finite w
Half-plane

Solution

Analysis

Mesoscopicscale

More general
model

Approximate
enumeration

Questions

Our model

Paths in a strip
A directedpath in a strip of width w.

Boltzmannweightsa and b for interactionswith lines(walls).

Severaldi®erentgeometricconstraints:
loops,bridgesand tails.
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A directedpath in a strip of width w.

Boltzmannweightsa and b for interactionswith lines(walls).

Severaldi®erentgeometricconstraints:
loops,bridgesand tails.

Loops| start andendon y = 0.
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Paths in a strip
A directedpath in a strip of width w.

Boltzmannweightsa and b for interactionswith lines(walls).

Severaldi®erentgeometricconstraints:
loops,bridgesand tails.

Bridges| start on y = 0 andendon y = w
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Paths in a strip
A directedpath in a strip of width w.

Boltzmannweightsa and b for interactionswith lines(walls).

Severaldi®erentgeometricconstraints:
loops,bridgesand tails.

Tails | start on y = 0

w

a

b
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First let w ! 1 .The half-planelimit.

Adsorbing loopsin a half plane
Study model via its generatingfunction

L(z; a) =
X

' 2 loops

zn(' )av(' )
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Adsorbing loopsin a half plane
Study model via its generatingfunction

L(z; a) =
X

' 2 loops

zn(' )av(' )

Find by factorisation

L(z;a)
L(z;1)

L(z;a)oreach is
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First let w ! 1 .The half-planelimit.

Adsorbing loopsin a half plane
Study model via its generatingfunction

L(z; a) =
X

' 2 loops

zn(' )av(' )

Find by factorisation

L(z;a)
L(z;1)

L(z;a)oreach is

Givesa functional equation

L(z; a) = 1 + az2L(z; a)L(z; 1)
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Half-planelimit

Functionalequation

L(z; a) = 1 + az2L(z; a)L(z; 1)

First set a = 1 =) L(z; 1) = 1 + z2L(z; 1)2.
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Half-planelimit

Functionalequation

L(z; a) = 1 + az2L(z; a)L(z; 1)

First set a = 1 =) L(z; 1) = 1 + z2L(z; 1)2.

The solution

L(z; a) =
2

2 ¡ a + a
p

1 ¡ 4z2
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Similarly for Tails.. .

Adsorbing tails in the half-plane
Similarly we ¯nd T (z; a) usinga factorisation argument

each is or
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Similarly for Tails.. .

Adsorbing tails in the half-plane
Similarly we ¯nd T (z; a) usinga factorisation argument

each is or

This gives
T (z; a) = L(z; a) + zL(z; a)T (z; 1)
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Similarly for Tails.. .

Adsorbing tails in the half-plane
Similarly we ¯nd T (z; a) usinga factorisation argument

each is or

This gives
T (z; a) = L(z; a) + zL(z; a)T (z; 1)

The solution

T (z; a) =
4z

³
2 ¡ a + a

p
1 ¡ 4z2

´ ³
2z ¡ 1 +

p
1 ¡ 4z2

´
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Now what?

Combinatorics is done| now we needsomephysics.

How doesthe systemchangeas the interactionschange.
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Now what?

Combinatorics is done| now we needsomephysics.

How doesthe systemchangeas the interactionschange.

In Statistical Mechanicswe look at the FreeEnergy.

This is · (a) = ¡ logzc(a).
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P
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Meannumber of visits

The meannumber of visits in a walk of length n is

hvi = a
@
@a

log
X

'

av(' )

Hencethe meandensity of visits is

hvi
n

= a
@
@a

1
n

logZn(a)
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Meannumber of visits

The meannumber of visits in a walk of length n is

hvi = a
@
@a

log
X

'

av(' )

Hencethe meandensity of visits is

hvi
n

= a
@
@a

1
n

logZn(a)

In the thermodynamiclimit

lim
n!1

hvi
n

= a
@
@a

logzc(a)¡ 1
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Phasediagramfor the half-plane

Analysethe solution
There are 2 phasescharacterisedby density of visits:

lim
n!1

hvi
n

= a
@· (a)

@a

The limit n ! 1 hasbeentaken after w ! 1 .
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Phasediagramfor the half-plane

Analysethe solution
There are 2 phasescharacterisedby density of visits:

desorbed a · 2 : zc = 1=2 and ½= 0
adsorbed a > 2 : zc =

p
a ¡ 1=a and ½> 0

a

zc r
1=2

logalog2ac = 2
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Row-by-row
Build the paths a row at a time

Replaceverticesin top row by zig-zagpaths.
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Replaceverticesin top row by zig-zagpaths.
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From constructionto functionalequation

Row-by-row
Start with a zig-zagpath.

Replaceverticesin top row by zig-zagpaths.

Functionalequation

Starting paths are L1(z; a; b) =
1

1 ¡ abz2 .
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From constructionto functionalequation

Row-by-row
Start with a zig-zagpath.

Replaceverticesin top row by zig-zagpaths.

Functionalequation

Starting paths are L1(z; a; b) =
1

1 ¡ abz2 .

Replacinga vertexby a zig-zagpath is b 7!
1

1 ¡ bz2
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From constructionto functionalequation

Row-by-row
Start with a zig-zagpath.

Replaceverticesin top row by zig-zagpaths.

Functionalequation

Starting paths are L1(z; a; b) =
1

1 ¡ abz2 .

Replacinga vertexby a zig-zagpath is b 7!
1

1 ¡ bz2

This givesthe functional equation:

Lw+1 (z; a; b) = Lw

µ
z; a;

1
1 ¡ bz2

¶



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Solution

Analysis

Mesoscopicscale

More general
model

Approximate
enumeration

Questions

Playing with the functionalequation

L1(z; a; b) =
1

1 ¡ abz2

Lw+1 (z; a; b) = Lw

µ
z; a;

1
1 ¡ bz2

¶

Iterate the equationwith Maple
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Playing with the functionalequation

L1(z; a; b) =
1

1 ¡ abz2

Lw+1 (z; a; b) = Lw

µ
z; a;

1
1 ¡ bz2

¶

Iterate the equationwith Maple

The ¯rst few are.. .

L2 =
1 ¡ bz2

1 ¡ (a + b)z2

L3 =
1 ¡ (1 + b)z2

1 ¡ (1 + a + b)z2 + abz4

L4 =
1 ¡ (2 + b)z2 + bz4

1 ¡ (2 + a + b)z2 + (a + b + ab)z4
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Guessthe solution.. .

Guessthe solution

Lw (z; a; b) is =
Pw (z; 0; b)
Pw (z; a; b)

.
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Guessthe solution

Lw (z; a; b) appears to be =
Pw (z; 0; b)
Pw (z; a; b)

.
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Guessthe solution

Lw (z; a; b) appears to be =
Pw (z; 0; b)
Pw (z; a; b)

.

But what is Pw (z; a; b).
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Guessthe solution.. .

Guessthe solution

Lw (z; a; b) appears to be =
Pw (z; 0; b)
Pw (z; a; b)

.

But what is Pw (z; a; b).

Play with Maple
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Guessthe solution.. .

Guessthe solution

Lw (z; a; b) appears to be =
Pw (z; 0; b)
Pw (z; a; b)

.

But what is Pw (z; a; b).

Play with Maple and ¯nd Fibonacci:

Pw (i ; 1; 1) = 2; 3; 5; 8; 13; 21; : : :

Turn thesenumbers into a seriesand askmapleto \rationalise":

X

w¸ 1

Pw (i ; 1; 1)t w =
2t + t 2

1 ¡ t ¡ t 2
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Guessharder

Repeat the last step with all the variables:

X

w¸ 1

Pw (z; a; b)t w =
(1 ¡ abz2) ¡ (a + b ¡ ab)z2t

1 ¡ t + z2t 2

The Pw (z; a; b) satisfya three-termrecurrence.

Orthogonalpolynomials| simply relatedto Chebyshev.
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Guessharder

Repeat the last step with all the variables:

X

w¸ 1

Pw (z; a; b)t w =
(1 ¡ abz2) ¡ (a + b ¡ ab)z2t

1 ¡ t + z2t 2

The Pw (z; a; b) satisfya three-termrecurrence.

Orthogonalpolynomials| simply relatedto Chebyshev.

Lots of combinatorial connectionshere.

Dyck paths
Heaps

Jacobimatrices
Ã !

Orthogonalpolynomials
Continuedfractions
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Provingthings

We can now use
P

Pw t w to show that our guessis correct.
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Provingthings

We can now use
P

Pw t w to show that our guessis correct.

Put b 7!
1

1 ¡ bz2 to see

Pw+1 (z; a; b) = (1 ¡ bz2)Pw

µ
z; a;

1
1 ¡ bz2

¶
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Provingthings

We can now use
P

Pw t w to show that our guessis correct.

Put b 7!
1

1 ¡ bz2 to see

Pw+1 (z; a; b) = (1 ¡ bz2)Pw

µ
z; a;

1
1 ¡ bz2

¶

So

Lw

µ
z; a;

1
1 ¡ bz2

¶
=

Pw

³
z; 0; 1

1¡ bz2

´

Pw

³
z; a; 1

1¡ bz2

´

=
Pw+1 (z; 0; b)
Pw+1 (z; a; b)

= Lw+1 (z; a; b)
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The generatingfunctions

The solutionfor loops

Lw (z; a; b) =
Pw (z; 0; b)
Pw (z; a; b)

with
X

w¸ 1

Pw (z; a; b)t w =
(1 ¡ abz2) ¡ (a + b ¡ ab)z2t

1 ¡ t + z2t 2
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The generatingfunctions

The solutionfor loops

Lw (z; a; b) =
Pw (z; 0; b)
Pw (z; a; b)

with
X

w¸ 1

Pw (z; a; b)t w =
(1 ¡ abz2) ¡ (a + b ¡ ab)z2t

1 ¡ t + z2t 2

Similarly for tails andbridges

Bw (z; a; b) =
bzw

Pw (z; a; b)

Tw (z; a; b) =
someorthogonalpolynomial

Pw (z; a; b)
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Findingthe freeenergy

To understandthe thermodynamiclimit we needzc(w; a; b)

De¯ned by simplepole from smallestzeroof Pw (z; a; b).
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Findingthe freeenergy

To understandthe thermodynamiclimit we needzc(w; a; b)

De¯ned by simplepole from smallestzeroof Pw (z; a; b).

The Pw havea simplerational g.f. so

Pw = C1¸ w
+ + C2¸ w

¡ ¸ § =
1 §

p
1 ¡ 4z2

2

and Ci is somemessyconstant.

Not an easytask.
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Simplifyingtransformation

Simplifythe Pw by changingvariables

The ¸ § can be greatly simpli¯ed by z 7!
p

q
1 + q

.

X

w¸ 1

Pw t w = ab ¡ a ¡ b +
(1 + q ¡ aq)(1 + q ¡ bq)

(1 + q)(1 + q ¡ t )

¡
(1 + q ¡ a)(1 + q ¡ b)

(1 + q)(1 + q ¡ tq)



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Solution

Analysis

Free energy
Simpli¯cation
Special points
w ! 1
Large w

Mesoscopicscale

More general
model

Approximate
enumeration

Questions

Simplifyingtransformation

Simplifythe Pw by changingvariables

The ¸ § can be greatly simpli¯ed by z 7!
p

q
1 + q

.

The zerosof Pw satisfy

qw =
(1 + q ¡ aq)(1 + q ¡ bq)
(1 + q ¡ a)(1 + q ¡ b)

:

Can then map back q 7!
1 ¡ 2z2 ¡

p
1 ¡ 4z2

2z2

The zerosgive the singularities of Lw and so · (w; a; b).
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Analysisof the solution

Specialpoints
For certain points in the a; b planethe equationfor the zeros
simpli¯es

(a; b) 2 f (1; 1); (2; 1); (1; 2); (2; 2)g
and on the curve ab = a + b.

At thesepoints we can ¯nd qc(w) and so zc(w) exactly.
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Arbitrary a; b | cando the in¯nite strip limit

The freeenergy
Can¯nd zerosof Pw in the limit w ! 1 .

The smallestzerogiveszc which gives· .

We havethe following

zc(a; b) =

8
><

>:

1=2 a; b · 2
p

a¡ 1
a a > 2 and a > b

p
b¡ 1
b otherwise
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The phasediagramfor loopsand tails

Phasetransitions
For ¯nite w, zc(a; b) is an analytic function of a and b.

So no phasetransitionsfor ¯nite w.

Howeverin the limit w ! 1 there are phasetransitions.
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The phasediagramfor loopsand tails

Phasetransitions

adstop

adsbottom

a = b

aac = 2

ads

ac = 2

b

bc = 2

des
des

a

b

Black = 2nd order and pink = 1st order.

Left-handdiagram: w ! 1 and then n ! 1 .

Right-handdiagram: n ! 1 and then w ! 1 .

The order of n and w limits really doesmatter!
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Asymptoticsof freeenergyfor largew

Specialpoints
We know zc(w) exactlyat thesepoints.

Generala; b
Cando asymptoticexpansionof zc(w) for large w.

e.g. For a; b < 2:

zc(w) =
1
2

+
¼2

4
1

w2 +
¼2(ab ¡ a ¡ b)
(2 ¡ a)(2 ¡ b)

1
w3 + ¢¢¢

For a > 2 and a > b:

zc(w) =

p
a ¡ 1
a

¡
(a ¡ 2)2(ab ¡ a ¡ b)

2a(a ¡ b)
p

a ¡ 1

µ
1

a ¡ 1

¶ w

+ ¢¢¢
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There are attractive and repulsiveregimes.
For various regionsof the (a; b)-planewe have:

long-rangedrepulsiveforce,
short-ranged repulsiveforce,
short-ranged attractive force,
and a line of zero force dividing the last two.

The zero-force line is not a phaseboundary.
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Largebut ¯nite n andw
We now consider̄ nite but large n and w.

To do this look at the partition function, de¯ned by

Lw (z; a; b) =
X

n¸ 0

Zn(w; a; b)zn

We de¯ne the ¯nite-length free energyby

· n(w; a; b) =
1
n

logZn(w; a; b)

so that · (w; a; b) = lim
n!1

· n(w; a; b).
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The order of limits matters
The in¯nite strip limit is

· inf ¡ strip (a; b) = lim
w!1

lim
n!1

· n(w; a; b)

whereasthe half-planelimit is

· half ¡ plane(a) = lim
n!1

lim
w!1

· n(w; a; b)

Limits are the samefor a; b · 2

· half ¡ plane(a) = · inf ¡ strip (a; b) = log2:

The limits do agree,but the asymptoticsdo not.
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¡ 1=2 a < 2
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The asymptoticsare di®erent.
When w > n the walk never\feels" the top wall.

This givesthe half-planelimit.

Z hp
n (a; b) » A 2nn° ¡ 1; ° =

(
¡ 1=2 a < 2
+1=2 a = 2

When n À w the walk is \squashed"betweenthe walls.

This givesthe in¯nite strip limit.

Zn(w; a; b) » B(w)¹ (w)n ¹ (w) ! 2
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Betweenthe two limits

What happensbetweenthesetwo limits?

Is therea scalingregime?
The meanvertexheight at a = b = 1 is

meanheight of vertex»
p

n

Scalingregimewhenw »
p

n.

Givescross-overbetweenin¯nite-strip and half-planebehaviours.
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As w; n ! 1 with ¯xed x = wp

n , assume

· n(w; a; b) » log2 +
1
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X (gx) :

Di®erentiatingwrt w givesan expressionfor the force

Fn(w; a; b) »
1

n3=2
Y (gx) :
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The scalingAnsatz

Scalingof · andF for a; b · 2
As w; n ! 1 with ¯xed x = wp

n , assume

· n(w; a; b) » log2 +
1
n

X (gx) :

Di®erentiatingwrt w givesan expressionfor the force

Fn(w; a; b) »
1

n3=2
Y (gx) :

The universalfunctionsX(x) and Y (x) changeif a or b equal2.

The constantg = g(a; b) is a non-universalfactor.
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Data collapsefor w 2 f 8; 16; : : : ; 80g.

Samefunction for all a; b < 2.
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Note, Y (x) is a decreasingfunction.
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Note, Y (x) is now an increasingfunction.

In the in¯nite-strip limit the force is zero!
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Scaledforce at (1; 2) and (1; 3=2) for Dyck and Motzkin paths.

Samescalingfunction (up to someconstants).
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Work with ThomasPrellberg (QueenMary).

Expressionsfor the partition function
We can write

Zn(w; a; b) =
1

2¼i

I
Lw (z; a; b)

dz
zn+1 ;

whereLw is a rational function.
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Work with ThomasPrellberg (QueenMary).

Expressionsfor the partition function
We can write

Zn(w; a; b) =
1

2¼i

I
Lw (z; a; b)

dz
zn+1 ;

whereLw is a rational function.

Can rewrite Zn as a sumof residues| easierin the q variable.
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Work with ThomasPrellberg (QueenMary).

Expressionsfor the partition function
We can write

Zn(w; a; b) =
1

2¼i

I
Lw (z; a; b)

dz
zn+1 ;

whereLw is a rational function.

Can rewrite Zn as a sumof residues| easierin the q variable.

At the special (a; b) points we know the zerosexactly.

So we can get the force scalingfunctions.

General(a; b). . . ?
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Work with Buks van Rensburg(York) and EnzoOrlandini (Padova)

Previouswork is all usinga directedmodel.

Is this too restricted?
Examineda more generalmodel basedon self-avoidingwalks.

Exact enumerationdata.
Monte Carlo via the pivot algorithm.
Approximate enumerationvia the FlatPERM algorithm



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Solution

Analysis

Mesoscopicscale

More general
model

Approximate
enumeration

Questions

Vindication

Three di®erenttechniquesall agreewith eachother.



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Solution

Analysis

Mesoscopicscale

More general
model

Approximate
enumeration

Questions

Vindication

Three di®erenttechniquesall agreewith eachother.

All agreewith the directedmodel.

bc = 2

b

a

adstop

adsbottom

ac = 2

des

a = b

 1

 1.5

 2

 2.5

 3

 1

 1.5

 2

 2.5

 3

 2
 3
 4
 5
 6
 7
 8
 9

b

a

�uctuations



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Solution

Analysis

Mesoscopicscale

More general
model

Approximate
enumeration

Questions

Vindication

Three di®erenttechniquesall agreewith eachother.

All agreewith the directedmodel.

adstop

adsbottom

a = b

aac = 2

ads

ac = 2

b

bc = 2

des
des

a

b

Varying the width at ¯nite length movesbetweenthesepictures.
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Memory hungry, di±cult to estimateerror-bars.
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SAW modelsare essentiallyunsolvable.

Computerenumerationcan only get to lengths¼ 20.

MMC-Monte Carlo samplescon¯rmations to estimateproperties.
Samplesat a ¯xed set of (a; b) points.

\Approximate enumeration"directly estimatesZn(w; a; b).
So can computepropertiesat any (a; b).
Memory hungry, di±cult to estimateerror-bars.

The algorithm we useis basedon the Rosenbluth2 method.
It is calledFlatPERM.
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Rosenbluthsampling

SAW can be constructedrecursively.

Eachsaw of length n is built from a SAW of length n ¡ 1 by
appendinga step.

This givesa directedtree structure on the set of SAW.

If we forbid nearest-neighbour interactions.
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Choosea child of current node uniformly at random.

Move to child node.

Repeat until desireddepth reachedor no children.
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Start at the root.

Choosea child of current node uniformly at random.
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Repeat until desireddepth reachedor no children.

The nodesat a givendepth are not chosenwith uniform
probability.
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Randompath on the tree
Start at the root.

Choosea child of current node uniformly at random.

Move to child node.

Repeat until desireddepth reachedor no children.

The nodesat a givendepth are not chosenwith uniform
probability.

But this allows us to estimatethe # nodesat a givendepth.
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Atmosphereandweight
Let a(node) = its number of children.

w(node) =
½

1 node = root
a(parent)w(parent) otherwise

This then gives

Pr(node) = 1=w(node)

and
hw(node)i = #no des
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The meanweight can take a long time to converge.

Need\tricks" to combat weight °uctuations
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This works very well whenthe tree is quite uniform.

Otherwisethe weightscan be vastly di®erent.

The meanweight can take a long time to converge.

Need\tricks" to combat weight °uctuations
| Pruning and Enriching.
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Questions

If the weight is \to o small"

If weight is small then samplecontributesvery little to hwi .

Wastea lot of CPU time.
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Questions

If the weight is \to o small"

If weight is small then samplecontributesvery little to hwi .

Wastea lot of CPU time.

Pruning
Flip a coin.

heads|thro w away sample(and its children).

tails | keepsamplebut doublethe weight.
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Questions

If the weight is \to o small"

If weight is small then samplecontributesvery little to hwi .

Wastea lot of CPU time.

Pruning
Flip a coin.

heads|thro w away sample(and its children).

tails | keepsamplebut doublethe weight.

Contribution is 1
2 £ 0 + 1

2 £ (2w) = w.

CPU usageis halved.
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If weight is \to o big"

If weight is big then sampleswampshwi .

Ruinsstatistics.
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Questions

If weight is \to o big"

If weight is big then sampleswampshwi .

Ruinsstatistics.

Enrich
Make 2 copiesof current con¯guration but halvethe weight.

Continuegrowing from the ¯rst.

When ¯nished, continuegrowing from the second.
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Questions

If weight is \to o big"

If weight is big then sampleswampshwi .

Ruinsstatistics.

Enrich
Make 2 copiesof current con¯guration but halvethe weight.

Continuegrowing from the ¯rst.

When ¯nished, continuegrowing from the second.

Contribution is 2 £ w
2 = w.

CPU usageis doubled.
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Whento pruneor enrich

Knowing whento prune or enrich is critical.
| Too much enrichingcan make data worthless.

Compare current weight to averageweight (so far)
| this is the ideabehindPERM.



Polymers in strips

Rechnitzer

Outline

Colloids

The model

Solution

Analysis

Mesoscopicscale

More general
model

Approximate
enumeration

FlatPERM

Questions

Whento pruneor enrich

Knowing whento prune or enrich is critical.
| Too much enrichingcan make data worthless.

Compare current weight to averageweight (so far)
| this is the ideabehindPERM.

You can skew the pruning and enrichingto force samplingof
rare but interestingcon¯gurations.
| enrichmore whencon¯gurationsare interesting
| prune more whencon¯gurationsare boring
| this is the ideabehindFlatPERM.
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Questions

Whento pruneor enrich

Knowing whento prune or enrich is critical.
| Too much enrichingcan make data worthless.

Compare current weight to averageweight (so far)
| this is the ideabehindPERM.

You can skew the pruning and enrichingto force samplingof
rare but interestingcon¯gurations.
| enrichmore whencon¯gurationsare interesting
| prune more whencon¯gurationsare boring
| this is the ideabehindFlatPERM.

Lots of potential applications.. .
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Thanksfor listening
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