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HISTORY

Pure Mathematics consists of
Algebra, Geometry and Analysis

Analysis belongs to  Modern
Mathematics and relates closely to
Motion
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Mathematics: Four key factors:

Definition, Operation, Computation,
Application

In calculus, any others can be
regarded as applications of Limit
Theory
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No computation for series?

Then consider convergence instead!
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The most important series are series
which provide bases for a space

Taylor series, Fourier series,
wavelets ......
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Fourier series have many
important applications in ‘Science
and Technology



CONVERGENCE OF
FOURIER SERIES

> Pointwise Convergence

> Almost Everywhere Convergenc@
> Uniform Convergence

> Mean Convergence



Pointwisea C@Qv\er\g:nce

Dini's Criteria. Let f € Log, gue(t) = flz 1)+ flz —t) — 2e. If
Grelt)/t € Loy, then lim S,(f,z) =c.

Jordan’s Criteria. Let f € Loy is a hounded variation function onf
the interval [a, b], then its Fourier series converges to

40+ f(z - 0)

at every point in (a, b).
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Alrnost Everywnere Convergence

Fejer's Theorem. There is a 27 periodic and continuous function
stich that its Fourier series does not converge at some points,

Lusin's Conjecture 1913, If f € L3, Then its Fourier seri
converges almost everywhere.

Carleson (1966)-Hunt(1968) Theorem. If f € L5, for p >

Then its Fourier series converges almost everywhere.
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niforrn Convergence

e

Chaundy-Jolliffe's Theorem 1916, Suppose that {a,} is a non-
negative and non-increasing real sequence with lim a, = 0. Then a
necessary and sufficient condition for the uniform convergence of seriesh
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Viean Convergence

L'-Convergence.W. H. Young 1913, Kolmogorov 1923, Let

f € Ls; be an even function and fl a, cosne be its Fourier series,
1=

Suppose that {a,} is a nonnegative and non-increasing real sequence by

Then a necessary and sufficient condition for %

Ji [ (1) = 0
18
ﬂl_q]j'lcﬂ,zlﬂg n=1,
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MS: The class of nonnegative, non-increasing sequences.

CQMS: a sequence {a,} is a quasimonotone sequence (in symbol,
{a,} € CQMS) if there is an « = 0 such that a,/n" is decreasing for
all n.

(5. M. Shah 1947, (). Szasz 1945)

IR

RVOMS: Let R{n) be an increasing sequence with R(2n)/Rin
bounded. A sequence {a,} is said to be O-regularly varving quasi-
monotone sequence ({a, } € RVQMS) if for some R(n) with the abo
properties, a,/R(n) is decreasing for all n.

(O-regularly varying sequence: J. Karamata 1930)
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RBVS: A nonnegative sequence A = {a,,} with lim a, = 0 is said
to be a “rest bounded variation” sequence ({a,} £ RBVS) if

LZ |ag — | < M{Ala,

holds for some constant M{A) depending only upon the sequence A
andaln=1,2 .-,
(L. Leindler 2001)
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AMS: A nonnegative sequence {by,} is said to be “almost ﬂwnﬂmne’i
(in symbol, {b,} € AMS) if there is a positive constant M (b) such that
be < M(bby for all k> n.

(S. N. Bernstein about 1912)
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Classes of Sequences

GBVS: A nomnegative sequence A = {a,} is said to be “group
hounded variation” sequence ({a,} € GBVS) if

n
Yk — apgi| < M{A)a,
k=t

holds for some constant M(A) and alln=1,2,.--
(R. J. Le and S, P. Zhou 2005)
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NBVS: A nonnegative ssquence A = {a,} is said to be “non-onesided
hounded variation sequence” ({a,} € NBVS) If

I
E ‘ﬂﬂn‘ S M{Mfﬂn + i}
k=n

holds for all n = 1,2, -,
(D. 5. Yu and 8. P. Zhou 2007)
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Classes of Sequences

What 1s the Ultimate Generalization
to Monotonicity?



AMS Is not A-Rignt Class

Theorem 1. There exists asequence {8, & AMS with lim nb, = 0

=

tch that the series £ b, sinnie is not uniformaly convergen.

i




MVBVS E

Proposition 1. If A = {a,} € GBVS in general sense, ie., {a,}
satisfies

n

3o lag —ap| < C(A)  max g (1)
k=11

n<kosnd Ny

for some given Ny = 1, then {a,} € MVBVS. But the reverse is not
true, i.e. there are sequences in MVBVS not satisfyving (1).

| RN

Proposition 2. If A = {a,} € NBVS, then {a,} € MVBVS. But
the reverse is not true, i.e. there are sequences in MVBVS which ar

not in NBVS.



niforrn Conyergenc

Theorem 2, 1fA = {a,} € MVBVS, then a necessary and sufficient

condition either for the uniform convergence of series £, a, sinnz, o

for the continuity of its sum function [, is that 1?11_1.1611J ity =1




L l-Converqgence

Theorem 3. Let flx) € Ly, be a complex valued function. If the Fourier
coefficients fin) of [ satisfv that { fin)}. 25 € MVEBVS and

[pim]

lim limsup Y [Af(k) — Af(-k)[logk = 0.
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Then
lim |f = Sa(f)lle =

{0

if and only if _
Jim_ finHog |n| = 0.
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MVBVS: A nonnegative sequence A = {a,}>, is said to be a mean
value bounded variation sequence ({a,} € MVBVS) if there is a ) > 2

such that ﬁ N
a ClA
>l — | < aa) Yoo
|I;.' il ﬂ- k |.-h. Iﬂ.l

holds for all n = 1,2, -+ - and some constant C'{A) depending only upuu%
the sequence A.
(5. P. Zhow, P. Zhou and D. 5. Yu 2007)
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ne Ultimate Generalization to

Momtorn&g

Theorem 4. Let {M,} be a given nonnegative increasing Seqrenee tending
to infinity. Then there exists a sine series of the form E (1 ST mth

L

JEEL nity = 0 such that for any given A = 2,

T A
lim = o A0 — ),
=i \f |-!'||'l|

My E i

" k=(x )

however, the series is not uniformly convergent.
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Abstract

Chaundy and Jollitfe [4] proved that if {a,} is & non-increasing (mono-
tonic) real sequence with ﬂli_n;tﬁ a, = 0, then a necessary and sufficient condi-
tion for the uniform convergence of the series 50, a, sinnr is n]l_rngﬂ ity = 0,
We generalize {or weaken) the momotonic condition on the coefficient se-
quence {a, } in this classical result to the so-called mean value bounded vari-
ation condition and prove that the generalized condition cannot be weakened
further. We also establish an analogne to the generalized Chaundy and Jol-
liffe theorem in the complex space,

2000 Mathematics Subject Classification, 42A20 42432,

Key words and phrases. trigonometric series, uniform convergence, mono-
tonicity, mean value bounded variation,
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