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Functions of exponential type

A(2πη): all entire functions such that for every ε > 0 there
exists Cε > 0 with

|A(z)| ≤ Cεe
(2πη+ε)|z|

for all z ∈ C.
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Functions of exponential type

A(2πη): all entire functions such that for every ε > 0 there
exists Cε > 0 with

|A(z)| ≤ Cεe
(2πη+ε)|z|

for all z ∈ C.

A ∈ A(2πη) integrable, then in C (Paley-Wiener theorem)

A(z) =

∫ η

−η
Â(t)e2πitdt.
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Functions of exponential type

A(2πη): all entire functions such that for every ε > 0 there
exists Cε > 0 with

|A(z)| ≤ Cεe
(2πη+ε)|z|

for all z ∈ C.

A ∈ A(2πη) integrable, then in C (Paley-Wiener theorem)

A(z) =

∫ η

−η
Â(t)e2πitdt.

In other words, supp(Â) ⊂ [−η, η].
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Problem

Let f : R → R be given. Find A ∈ A(2πη) so that
∫

R

(A − f) is minimal,

A(x) ≥ f(x) for all x ∈ R.
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Problem

Let f : R → R be given. Find A ∈ A(2πη) so that
∫

R

(A − f) is minimal,

A(x) ≥ f(x) for all x ∈ R.

Some History:

A. Beurling and A. Selberg considered this problem
(independently) for x0

+,

S.W. Graham and J.D. Vaaler: x0
+e−λx,

additional results by J.J. Holt and Vaaler, E. Carneiro
and Vaaler, L.
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx ≤

∫ ∞

−∞
A(x)f̂(x)dx
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx ≤

∫ ∞

−∞
A(x)f̂(x)dx =

∫ 1

−1
Â(t)f(t)dt.
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx ≤

∫ ∞

−∞
A(x)f̂(x)dx =

∫ 1

−1
Â(t)f(t)dt.

(Graham and Vaaler) For a positive Borel measure µ,

µ((0, x])
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx ≤

∫ ∞

−∞
A(x)f̂(x)dx =

∫ 1

−1
Â(t)f(t)dt.

(Graham and Vaaler) For a positive Borel measure µ,

µ((0, x]) = e−σx

∫ x

0−
e−σ(x−t)e−σtdµ(t),
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx ≤

∫ ∞

−∞
A(x)f̂(x)dx =

∫ 1

−1
Â(t)f(t)dt.

(Graham and Vaaler) For a positive Borel measure µ,

µ((0, x]) ≤ e−σx

∫ x

0−
Aσ(x − t)e−σtdµ(t),
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A(x) ≥ x0
+ then G(x) := 1/2(A(x − a) + A(b − x)) ≥ χ[a,b],

so
∫ b

a
f̂(x)dx ≤

∫ ∞

−∞
A(x)f̂(x)dx =

∫ 1

−1
Â(t)f(t)dt.

(Graham and Vaaler) For a positive Borel measure µ,

µ((0, x]) ≤ e−σx

∫ x

0−
Aσ(x − t)e−σtdµ(t),

=

∫ 1

−1
Âσ(y)µ̃(σ + 2πiy)dy

where µ̃(s) is the Laplace transform of µ. Important:
Integration range is [−1, 1]!
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Let
f(x) := cosh(ax)−1,

where a is a positive parameter.
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Let
f(x) := cosh(ax)−1,

where a is a positive parameter.

How small can
∫

(A(x) − cosh(ax)−1)dx

be for A ∈ A(2π) with A ≤ f on R (or A ≥ f ) ?

Approximations of functions that are analytic in a strip – p. 5/19



Let
f(x) := cosh(ax)−1,

where a is a positive parameter.

How small can
∫

(A(x) − cosh(ax)−1)dx

be for A ∈ A(2π) with A ≤ f on R (or A ≥ f ) ?

What is the function A of best approximation?
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Why cosh(ax)−1 ?

Let Ua be the class of functions defined by the following
properties:

1. f : {z : |ℑz| < a} → C such that f(R) ⊆ R,

2. f is holomorphic on |ℑz| < a,

3. |ℜf(z)| ≤ 1.
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Why cosh(ax)−1 ?

Let Ua be the class of functions defined by the following
properties:

1. f : {z : |ℑz| < a} → C such that f(R) ⊆ R,

2. f is holomorphic on |ℑz| < a,

3. |ℜf(z)| ≤ 1.

Akhiezer: The distance from f ∈ Ua to A(η) with respect to
L∞-norm is bounded by

4

π

∞∑

n=0

(−1)n

(2n + 1) cosh((2n + 1)aη)
.
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Akhiezer’s approach

Any f ∈ Ua has representation

f(z) =

∫ ∞

−∞
h(t) cosh(a(x − t))−1dt

where supR |h(x)| ≤ 1.
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Akhiezer’s approach

Any f ∈ Ua has representation

f(z) =

∫ ∞

−∞
h(t) cosh(a(x − t))−1dt

where supR |h(x)| ≤ 1.

Best approximation in L1-norm to cosh(ax)−1

(constructed by Krein and Sz.-Nagy) implies the result
for functions in Ua in L∞-norm.
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Akhiezer’s approach

Any f ∈ Ua has representation

f(z) =

∫ ∞

−∞
h(t) cosh(a(x − t))−1dt

where supR |h(x)| ≤ 1.

Best approximation in L1-norm to cosh(ax)−1

(constructed by Krein and Sz.-Nagy) implies the result
for functions in Ua in L∞-norm.

Mimic this: One-sided approximations to functions in Ua

are obtainable from one-sided L1-approximations to
cosh(ax)−1.
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Design Principle

Let F ∈ A(2π) with F ≤ f on R.
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Design Principle

Let F ∈ A(2π) with F ≤ f on R.

Poisson summation : For any α

∑

ℓ

(f̂(ℓ)− F̂ (ℓ))e2πinα =
∑

n

(f(n + α)−F (n + α)) ≥ 0
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Design Principle

Let F ∈ A(2π) with F ≤ f on R.

Poisson summation and Paley-Wiener: For any α

̂(f − F )(0) +
∑

ℓ 6=0

f̂(ℓ)e2πiℓα =
∑

n

(f(n + α)−F (n + α)) ≥ 0
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Design Principle

Let F ∈ A(2π) with F ≤ f on R.

Poisson summation and Paley-Wiener: For any α

∫
(f(x) − F (x))dx ≥ −

∑

ℓ 6=0

f̂(ℓ)e2πiℓα,
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Design Principle

Let F ∈ A(2π) with F ≤ f on R.

Poisson summation and Paley-Wiener: For any α

∫
(f(x) − F (x))dx ≥ −

∑

ℓ 6=0

f̂(ℓ)e2πiℓα,

Have equality provided F (n + α) = f(n + α), some α, all
n ∈ Z.
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Design Principle

Let F ∈ A(2π) with F ≤ f on R.

Poisson summation and Paley-Wiener: For any α

∫
(f(x) − F (x))dx ≥ −

∑

ℓ 6=0

f̂(ℓ)e2πiℓα,

Have equality provided F (n + α) = f(n + α), some α, all
n ∈ Z.

Construction: Interpolate f and f ′ at n + α by a function
in A(2π) and hope for the best (i.e., non-positive or
non-negative difference).
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Construction

Consider f(x) = cosh(x)−1. Design F ∈ A(2π) with

F (x) ≤ cosh(x)−1 on R,

F (n + 1/2) = cosh(n + 1/2)−1 for n ∈ Z.
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Construction

Consider f(x) = cosh(x)−1. Design F ∈ A(2π) with

F (x) ≤ cosh(x)−1 on R,

F (n + 1/2) = cosh(n + 1/2)−1 for n ∈ Z.

Try

F (x) :=
∑

n∈Z

(
cosh(n + 1/2)−1 cos2 πx

π2(x − n − 1
2)2

+
d

dn
[cosh(n + 1/2)−1]

cos2 πx

π2(x − n − 1
2)

)
.
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Difficulty:
F (x) − cosh(x)−1 ≤ 0

for all real x?
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Difficulty:
F (x) − cosh(x)−1 ≤ 0

for all real x? Crucial fact: For −1/2 < x < 0

1 =
cos2 πx

π2

∫ ∞

−∞
e−xt te−t/2

1 − e−t
dt
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Difficulty:
F (x) − cosh(x)−1 ≤ 0

for all real x? Crucial fact: For −1/2 < x < 0

cosh(x)−1 = cosh(x)−1 cos2 πx

π2

∫ ∞

−∞
e−xt te−t/2

1 − e−t
dt
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Difficulty:
F (x) − cosh(x)−1 ≤ 0

for all real x? Crucial fact: For −1/2 < x < 0

cosh(x)−1 = cosh(x)−1 cos2 πx

π2

∫ ∞

−∞
e−xt te−t/2

1 − e−t
dt

= 2
∞∑

k=0

(−1)ke(2k+1)x cos2 πx

π2

∫ ∞

−∞
e−xt te−t/2

1 − e−t
dt,
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Difficulty:
F (x) − cosh(x)−1 ≤ 0

for all real x? Crucial fact: For −1/2 < x < 0

cosh(x)−1 = cosh(x)−1 cos2 πx

π2

∫ ∞

−∞
e−xt te−t/2

1 − e−t
dt

= 2
∞∑

k=0

(−1)ke(2k+1)x cos2 πx

π2

∫ ∞

−∞
e−xt te−t/2

1 − e−t
dt,

and expand the integrand for t < 0 and t > 0, i.e., for t > 0,

te−t/2

1 − e−t
= t

∞∑

n=0

e−(n+1/2)t
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Let 0 < x < 1/2. Recall

F (x) =
∑

n∈Z

cosh(n + 1/2)−1 cos2 πx

π2(x − n − 1
2)2

+ ...

Expand
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Let 0 < x < 1/2. Recall

F (x) =
∑

n∈Z

cosh(n + 1/2)−1 cos2 πx

π2(x − n − 1
2)2

+ ...

Expand

cosh−1(n + 1/2) and d/dn[cosh(n + 1/2)−1] into geometric
series in e2n (depends on the sign of n + 1/2),
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Let 0 < x < 1/2. Recall

F (x) =
∑

n∈Z

cosh(n + 1/2)−1 cos2 πx

π2(x − n − 1
2)2

+ ...

Expand

cosh−1(n + 1/2) and d/dn[cosh(n + 1/2)−1] into geometric
series in e2n (depends on the sign of n + 1/2),

(z − n − 1/2)−1 = −
∫ 0
−∞ e−(z−n−1/2)tdt,
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Let 0 < x < 1/2. Recall

F (x) =
∑

n∈Z

cosh(n + 1/2)−1 cos2 πx

π2(x − n − 1
2)2

+ ...

Expand

cosh−1(n + 1/2) and d/dn[cosh(n + 1/2)−1] into geometric
series in e2n (depends on the sign of n + 1/2),

(z − n − 1/2)−1 = −
∫ 0
−∞ e−(z−n−1/2)tdt,

(z − n − 1/2)−2 = −
∫ 0
−∞ te−(z−n−1/2)tdt.
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Combining these in the range −1/2 < x < 0 leads to

F (x) − cosh(x)−1 = −2
cos2 πx

π2

∫ 0

−∞
e−xtγ(t)dt,
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Combining these in the range −1/2 < x < 0 leads to

F (x) − cosh(x)−1 = −2
cos2 πx

π2

∫ 0

−∞
e−xtγ(t)dt,

where γ is the 4-periodic function given by

γ(t) =
∞∑

k=−∞

(−1)kg(t + 2k + 1)

with g(t) = tet/2(1 − et)−1.
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1 2 3 4

-0.002

-0.001

0.001

0.002

γ(t) in the range 0 ≤ t ≤ 4

Define

F (x) = cosh(x)−1 + 2
cos2 πx

π2(1 − e−4x)

∫ 4

0
e−xtγ(t)dt.
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1 2 3 4

-0.002

-0.001

0.001

0.002

γ(t) in the range 0 ≤ t ≤ 4

Define

F (x) = cosh(x)−1 + 2
cos2 πx

π2(1 − e−4x)

∫ 4

0
e−xtγ(t)dt.

F (x) is meromorphic,
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1 2 3 4

-0.002

-0.001

0.001

0.002

γ(t) in the range 0 ≤ t ≤ 4

Define

F (x) = cosh(x)−1 + 2
cos2 πx

π2(1 − e−4x)

∫ 4

0
e−xtγ(t)dt.

F (x) is meromorphic,

F (x) − cosh(x)−1 ≤ 0 for all real x,
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1 2 3 4

-0.002

-0.001

0.001

0.002

γ(t) in the range 0 ≤ t ≤ 4

Define

F (x) = cosh(x)−1 + 2
cos2 πx

π2(1 − e−4x)

∫ 4

0
e−xtγ(t)dt.

F (x) is meromorphic,

F (x) − cosh(x)−1 ≤ 0 for all real x,

F (x) − cosh(x)−1 is integrable on R,
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1 2 3 4

-0.002

-0.001

0.001

0.002

γ(t) in the range 0 ≤ t ≤ 4

Define

F (x) = cosh(x)−1 + 2
cos2 πx

π2(1 − e−4x)

∫ 4

0
e−xtγ(t)dt.

F (x) is meromorphic,

F (x) − cosh(x)−1 ≤ 0 for all real x,

F (x) − cosh(x)−1 is integrable on R,

|F (x)| ≪ (1 + | cos πx|2) in |ℜx| ≥ 1/4.
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The expansion −1/2 < x < 0

cosh(x)−1 = 2
cos2 πx

π2

∫ ∞

−∞
e−xt

∞∑

n=0

(−1)ng(t + 2n + 1)dt,
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The expansion −1/2 < x < 0

cosh(x)−1 = 2
cos2 πx

π2

∫ ∞

−∞
e−xt

∞∑

n=0

(−1)ng(t + 2n + 1)dt,

gives

F (x) = 2
cos2 πx

π2

[ ∫ ∞

0
e−xt

∞∑

n=0

(−1)ng(t + 2n + 1)dt

−

∫ 0

−∞
e−xt

−1∑

n=−∞

(−1)ng(t + 2n + 1)dt
]
,

which is valid in −1/2 < x < 1/2.

Approximations of functions that are analytic in a strip – p. 14/19



cos(πz)−2F (z) is representable as a Laplace transform in
ℜz < 0, in ℜz > 0, and in −1/2 < ℜz < 1/2, hence
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cos(πz)−2F (z) is representable as a Laplace transform in
ℜz < 0, in ℜz > 0, and in −1/2 < ℜz < 1/2, hence

F (z) is entire,
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cos(πz)−2F (z) is representable as a Laplace transform in
ℜz < 0, in ℜz > 0, and in −1/2 < ℜz < 1/2, hence

F (z) is entire,

|F (z)| ≤ C(1 + | cos2 πz|) for all z ∈ C, hence by the
Paley-Wiener theorem supp(F̂ ) ⊂ [−1, 1].
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Approximate cosh(ax)−1

The expansion

cosh(ax)−1 = 2eax(1 + e2ax)−1

= 2F (x)

∫ ∞

−∞
e−xt

∞∑

n=0

(−1)ng(a(a−1t + 2n + 1))dt
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Approximate cosh(ax)−1

The expansion

cosh(ax)−1 = 2eax(1 + e2ax)−1

= 2F (x)

∫ ∞

−∞
e−xt

∞∑

n=0

(−1)ng(a(a−1t + 2n + 1))dt

leads to the approximation

Fa(x) := cosh(ax)−1 − 2
cos2 πx

π2

∫ 0

−∞
e−xtγa(t/a)dt,
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Approximate cosh(ax)−1

The expansion

cosh(ax)−1 = 2eax(1 + e2ax)−1

= 2F (x)

∫ ∞

−∞
e−xt

∞∑

n=0

(−1)ng(a(a−1t + 2n + 1))dt

leads to the approximation

Fa(x) := cosh(ax)−1 − 2
cos2 πx

π2

∫ 0

−∞
e−xtγa(t/a)dt,

where

γa(t) =
∞∑

n=−∞

(−1)ng(a(t + 2n + 1)).
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The function Fa satisfies

Fa(x) ≤ cosh(ax)−1 on the real line,
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The function Fa satisfies

Fa(x) ≤ cosh(ax)−1 on the real line,

Fa(x) − cosh(ax)−1 is integrable,
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The function Fa satisfies

Fa(x) ≤ cosh(ax)−1 on the real line,

Fa(x) − cosh(ax)−1 is integrable,

supp(F̂a) ⊆ [−1, 1].
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The function Fa satisfies

Fa(x) ≤ cosh(ax)−1 on the real line,

Fa(x) − cosh(ax)−1 is integrable,

supp(F̂a) ⊆ [−1, 1].

Integral value (Poisson summation, Paley-Wiener, and
interpolation at n + 1/2):

∫ ∞

−∞
(Fa(x) − cosh(ax)−1)dx =

π

a

∑

ℓ 6=0

(−1)ℓ

cosh(π2ℓ
a )
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Majorizing cosh(ax)−1

The interpolation nodes for the upper approximation are
given by Z.
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Majorizing cosh(ax)−1

The interpolation nodes for the upper approximation are
given by Z.

Start with an expansion

1 =
sin2 πx

π2

∫ ∞

−∞
e−xtg(t)dt.
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Majorizing cosh(ax)−1

The interpolation nodes for the upper approximation are
given by Z.

Start with an expansion

1 =
sin2 πx

π2

∫ ∞

−∞
e−xtg(t)dt.

Technical difficulty: Zero at the origin, hence g will grow
polynomially as t → ∞ or t → −∞ (depending on
starting interval)

Approximations of functions that are analytic in a strip – p. 18/19



Start with

1 =
sin2 πx

π2x2

∫ ∞

−∞
e−xtg′′(t)dt

and adjust so that the ’missing’ zero comes from the
remainder term.
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Start with

1 =
sin2 πx

π2x2

∫ ∞

−∞
e−xtg′′(t)dt

and adjust so that the ’missing’ zero comes from the
remainder term.

Obtain A ∈ A(2π) with A ≥ cosh(ax)−1 such that
∫

(A(x) − cosh(ax)−1)dx =
π

a

∑

n6=0

1

cosh(π2n
a )
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